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Abstract. Considering that the error component of a Multiplicative Error Model(MEM) can possibly be
a gamma distribution (G(α, β); α and β are shape and scale parameters respectively). This paper studies
the effects of power transformations on the mean and variance of a gamma distributed error component.
The popular transformations: square-root, Wilson-Hilferty, inverse-square-root, inverse, inverse-square and
square transformations were studied. The probability density function(pdf) and the kth-uncorrected mo-
ment of the p-th power –transformed gamma random variable are obtained. The mean and variance of
G(α, β) and those of the power – transformed distributions are calculated for α = 5, 6, · · · , 99, 100 with
the corresponding values of β for which the mean of the untransformed distribution is equal to one. The
effects of the power transformations on the mean and variance of the gamma distribution are investigated
for α ≥ 9 where all the transformed distributions have a unit mean value. The relative changes in mean
and variance are used for the investigations. For all the transformations, there are no changes in the mean.
For variances: it was found that there are relative increases for the inverse, inverse square and square
transformations. However, the square-root, Wilson Hilferty and inverse-square-root transformations de-
creased the variance relative to the variance of the untransformed distribution. This paper concludes that
the square-root, Wilson Hilferty and inverse-square-root transformations would yield better results when
using MEM that the error component assumes a gamma distribution and where the goal is to stabilize the
variance of the data set through data transformation.
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1. Introduction

The Multiplicative Error Models (MEM), which are particularly suited to model non-negative time
series, were first introduced as Autoregressive Conditional Duration (ACD) models by Engle and
Russell (1998) and generalized to any non–negative valued process by Engle (2002).

Suppose {xt} is a discrete time process defined on [0,+∞), t ∈ N, where N is the set of Natural
numbers and let Ψt−1 be the information available for forecasting xt. According to Brownless et al.
(2011), {xt} follows a MEM if it can be represented as

xt = µtεt (1)

where, conditionally on Ψt−1: µt is a positive quantity that evolves deterministically according to a
parameter vector θ,

µt = µ(θ,Ψt−1) (2)
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εt is a random variable (rv) with probability density function (pdf) defined over a [0,+∞) support,
unit mean and unknown constant variance,

εt|Ψt−1 ∼ D+(1, σ2) (3)

where D+ is any probability distribution defined over a [0,∞) support. There is no question that
the conditional distribution of εt in (1.1) can be specified by any distribution with the characteristics
in (1.3) such as Gamma, Log-Normal, Weibull, Inverted-Gamma and mixtures of them (Bauwens
and Giot (2000), Engle and Gallo (2006), Lanne (2006) and De Luca and Gallo (2010)). It is
important to mention that the left-truncated normal distribution has the property in (1.3) of which
the effects of logarithm , inverse, square, inversesquare-root and square-root transformations on the
error component of traditional multiplicative time series model have been studied (Iwueze(2007);
Nwosu et al. (2013); Ohakwe et al.(2013); Ajibade et al. (2015) and Ohakwe et al. (2018)).

In statistical modeling of a data set using MEM, the basic assumptions of εt is unit mean and
constant variance, σ2. This is not always true in reality and as a result some remedial measures have
to be made to ensure conformance to the required assumptions. One of the remedial measures that
has attracted so much attention by researchers is data transformation (Thoeni (1967) and Hoyle
(1973)). Data transformation is the replacement of a variable by a function of that variable that can
change the shape of a distribution or relationship.

Power transformation is a class of data transformations. The popular forms of the transformations
are: square-root, Wilson-Hilferty, inverse-square-root, inverse, inverse-square and square transforma-
tions. Let the error term εt in (1.1) be a Gamma (Ga) distribution with unit mean and constant
variance (that is, εt ∼ Ga(1, σ2)), Ohakwe et al. (2012) and Ohakwe (2013) studied the effects of
square root and inverse transformations on the means and variances of a gamma-distributed error
component of a MEM respectively. In Ohakwe et al. (2012), it was found that the mean is one and
that the ratio of the variance of the untransformed gamma distributed error component with unit
mean to that of the square-root transformed is approximately 4. Ohakwe (2013) found decreases
in the unit mean and variance and went further to model the changes in the mean and variance
between the untransformed and the inverse-transformed distributions for various values of the shape
parameter α = 2, 3, · · · , 12. A cubic relationship was obtained for the change in mean, while a
quadratic relationship was obtained for the change in variance. Ohakwe et al (2013) used the proba-
bility density function (pdf) of inverse transformed gamma distribution given in Cook(2008) whose
pdf denoted as f(εt) was obtained from the gamma distribution with the following parameterization

f(εt) =
βα(εt)

α−1e−βεt

Γ(α)
, εt > 0,Γ(α) > 0, (4)

where εt is the error component of the MEM in (1.1). The gamma distribution can also assume the
following parameterization (Bhaumik et al. (2009)).

f(εt) =
(εt)

α−1e−
εt
β

Γ(α)βα
, εt > 0,Γ(α) > 0, βα > 0 (5)

where α and β are the shape and scale parameters respectively.

The approach adopted by Ohakwe et al.(2012) was simply obtaining the variance ratio of the un-
transformed and the transformed distributions while Ohakwe (2013) used the inverse transformed
Gamma distribution obtained from (1.4). This study aims to generalize the p-th power transfor-
mation using (1.5) with specific interest on the most commonly used power transformations in the
literature (Wilson an Hilferty (1931); Tukey(1977); Nwosu et al (2013);. Ohakwe et al (2013); Ibeh
and Nwosu (2013); Ajibade et al (2015); Dike et al. (2015);Ohakwe et al. (2018)). The effect of
the commonly used transformations on the unit mean and variance of a gamma-distributed error
component of a MEM is studied. The remaining part of this paper is organized as follows: Section
Two contains the the p-th power transformed gamma distributed variable together with its k-th un-
corrected moment from where the mean and variance functions for the study transformations would
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be obtained. Computations of the means, variances and relative changes in means and variances of
the transformed distributions for various values of the shape and scale parameters are contained
in Section Three. Discussions of the results are contained in Section Four while the conclusion is
contained in Sections Five.

2. P-th transformed gamma distributed random variable

Power transformation is a form of transformation that is frequently used in statistical analy-
sis(Ozdemir et al (2017). Furthermore, Ozdemir et al (2017) defined a power transformation as
follows;

Y =

{
Xp, p 6= 0

log(X), p = 0
(6)

where Y is the transformed variable, X, the untransformed variable and p, a constant. In this study
we shall consider when p 6= 0. Our choice of p-th power transformation is based on the fact that the
commonly used power transformations in the literature are subclasses of it. Suppose Yt = εpt ,

εt = Y
1

p

t (7)

and

|J | =
∣∣∣∣dεtdyt

∣∣∣∣ =

∣∣∣∣1py 1

p
−1

t

∣∣∣∣ =

∣∣∣∣∣1p
∣∣∣∣∣y 1

p
−1

t (8)

where |J | is the absolute value of the Jacobian of the p-th power transformation. The pdf of Yt,

denoted as f(yt) is then obtained from (1.5) as f(yt) = f

(
εt = y

1

p

t

) ∣∣∣ dεtdyt

∣∣∣ (Ramachandran and

Tsokos (2009), thus

f(yt) =
y
α

p
−1

t e− y
1
p

β

|p|Γ(α)βα
, yt > 0 (9)

Equation (2.4) can be shown to be a proper pdf by simply establishing that∫ ∞
0

f(yt)dyt = 1 (10)

The popular transformations for various values of p is given in Table 1.

Table 1.: The popular transformations for various values of p

SN P Type of Transformation
1 1 No Transformation

2 1
2 Square - root Transformation

3 1
3 Wilson- Hilferty Transformation

4 −1
2 Inverse –square - root Transformation

5 -1 Inverse Transformation
6 -2 Inverse – Square Transformation
7 2 Square Transformation
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Given (2.4), the k-th uncorrected moment is obtained as

E(Y k
t ) =

∫ ∞
0

ykt f(yt)dyt =
βpkΓ(α+ pk)

Γ(α
(11)

The summary of results for k =1, 2 are given in Table 2

Table 2.: The The Expectation of Y k
t for k = 1, 2

K E(Y k
t ) Functional Expression

1 E(Yt) = µyt
βpΓ(α+p)

Γ(α)

2 E(Y 2
t ) β2pΓ(α+2p)

Γ(α

The means and variances for the various power-transformed distributions are obtained by putting
the values of p into the expressions given in Table 2, where mean

(µyt) = E(Yt)

and Variance

(σ2
yt) = E(Y 2

t )− [E(Yt]
2

and the results are given in Table 3. It is important to mention that all computations involving α

Table 3.: The popular transformations for various values of p and their Means and Variances

SN P Transformed Distribution Mean (E(Yt)) =µyt Variance (Var(Yt)) = σ2
yt

1 1
2 Square - root (SR)

β
1
2 Γ(α+ 1

2
)

Γ(α) αβ −

[
β

1
2 Γ(α+ 1

2
)

Γ(α) )

]2

2 1
3 Wilson- Hilferty(WH)

β
1
3 Γ(α+ 1

3
)

Γ(α)

β
2
3 Γ(α+ 2

3
)

Γ(α) −

[
β

1
3 Γ(α+ 1

3
)

Γ(α)

]2

3 −1
2 Inverse –square - root (ISR)

β− 1
2 Γ(α− 1

2
)

Γ(α)
β−1

α−1 −

[
β− 1

2 Γ(α− 1

2
)

Γ(α)

]2

4 -1 Inverse (I) β−1

α−1
β−2Γ(α−2)

Γ(α) −

[
β−1

α−1

]2

, α > 2

5 -2 Inverse - Square (IS) β−2Γ(α−2)
Γ(α)

β−4Γ(α−4)
Γ(α) −

[
β−2Γ(α−2)

Γ(α)

]2

, α > 4

6 2 Square (S) β2Γ(α+2)
Γ(α)

β4Γ(α+2)
Γ(α) −

[
β2Γ(α+2)

Γ(α)

]2

will be greater than 4 as a result of the fact that the variance of the inverse – square transformed
distribution is undefined for α = 4 (see number 5 of Table 3).

3. Relative change in means and variances of the two distributions

In this Section, we would first obtain the means and variances of the transformed and the untrans-
formed distributions that would be used to compute the relative changes in means and variances
between the untransformed and transformed distributions.
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The mean (µεt) and variance (σ2
εt) of (1.5) (that is the untransformed distribution) are respectively

obtained as

µεt =

∫ ∞
0

εtf(εt)dεt = αβ (12)

and

σ2
εt =

[∫ ∞
0

ε2t f(εt)dεt

]
− [µεt ]

2 = αβ2 (13)

Considering the unit mean assumption required for modeling, we simply calculate the theoretical
values of µεt ,σ2

εt , µyt and σ2
yt using values of α = 5, 6, · · · , 100 and corresponding values of β for

which µεt = 1.0. From (3.1), for µεt = 1.0, without loss of generality, we can either adopt α = 1
β

or β = 1
α . However, in order to maintain the values of the shape parameters as positive integers,

we will adopt β = 1
α ,∀α for all the computations involving the untransformed and transformed

distributions and the results are given in Tables 4 and 5 (see appendix) . Table 4 contains the mean
of the transformed and the untransformed distributions while their variances are contained in Table
5.

Considering that the interest in this study is to examine the effect of the various power transfor-
mations on the Gamma distributed error term as regards the mean and the variance, we will simply
use the relative change in means and variances between the untransformed and the transformed
distributions in measuring the effect of a transformation.

An indicator of the relative difference between two variables X and Y (or the change from X to
Y) is defined as a real-valued function C(x, y), defined for all positive X and Y, C : R2

+ → R , which
has the following properties (Vartia (1976, p. 9-25));

(1) C(x, y) = 0, iff x = y
(2) C(x, y) > 0, iff y > 0
(3) C(x, y) < 0, iff y < x
(4) ∀a : a > 0⇒ C(ax, ay) = C(x, y)

Between two variables X and Y, Tornqvist, Vartia and Vartia (1985) described the following;

Y −X
X

(14)

as the customary indicator of relative change among other indicators and this we would adopt in
this study. For the effect on the mean, the two variables of interest are µεt and µyt and by adopting
the measure in (3.3) we would calculate the Relative Change in mean (RCIM) using

RCIM =
µyt − µεt
µεi

= µyt − 1.0 (15)

where RCIM ¿ 0 indicates increase, RCIM = 0 indicates no change and RCIM ¡ 0 indicates decrease
in mean.
Furthermore, for the effect on the variance, the determinant variables are σ2

εt and σ2
yt and by also

adopting (3.3) we would calculate the Relative Change in Variance (RCIV) between the transformed
and the untransformed distributions using

RCIV =
σ2
yt − σ

2
εt

σε2t
(16)

HereRCIV > 0 indicates increase, RCIV = 0 indicates no change and RCIV< 0 indicates decrease in
variance. Considering that the theoretical means of the transformed distributions are approximately
1.0 to the nearest whole number for α ≥ 9 as shown in Table 4, we therefore compute the RCIM
and RCIV values for α ≥ 9. Furthermore, the plots of the variances of the untransformed and

http://www.srg-uniben.org/



21 Ohakwe & Ajibade

transformed distributions against the shape parameter values, α ≥ 9 are given in Figure 1 (see
appendix) while the computations of the RCIV are contained in Table 6 (see appendix). Finally, the
plots of the RCIV against α are given in Figure 2 (see appendix).

4. Results and discussions

The results in Table 4 indicate that the unit-mean assumption is unaffected by the transformations.
This result is in agreement with the findings of Ohakwe et al., (2012).

For the variances given in Table 5, the variances for the inverse(VarIS), square(VarS) and inverse
(VarI) of the transformed distributions are higher than the variance of the untransformed distribution
(VarUN) while those of the square root(VarSR), inverse square root(VarISR) and Wilson Hilferty
(VarWH) are lower than that of the untransformed distribution. These higher and lower variances
can be clearly seen in Figure 1, where the variances for the inverse square, square and inverse
transformations are above the variance of the untransformed distribution while those of the square
root, inverse square root and Wilson Hilferty are below that of the untransformed distribution.

In Figure 2, the RCIV for ISR, WH and SR transformations are all less than zero which indicate
reduced variances under such transformations while those for I, IS and S transformations are all
greater than zero which indicate increased variance resulting from such transformations. However,
WH transformation has the highest magnitude of decrease in variance with factors ranging from
−8.0061 to (−8.0000), followed by SR transformation with range, −3.0579 to (−3.0050) and then
inverse-square-root transformation with range, −2.9254 to (−2.2122).

Furthermore, for the inverse (I), inverse – square (IS) and square (S) transformations that yielded
higher variances, the RCIV have ranges: 0.7752 – 0.9387 for IS, 0.7561 – 0.8071 for S and 0.0395 –
0.3855 for I. Finally, it is important to mention that stability of the variances for all the transfor-
mations is achieved from the point, α ≥ 17, where the variances for all the transformations are all
approximately zero.

5. Conclusion

In this study we have investigated the effect of the commonly used power transformations namely:
square-root, Wilson-Hilferty, inverse-square-root, inverse, inverse-square and square transformations
on the unit-mean and variance of the Error component of a multiplicative Error model(MEM) which
has a gamma distribution that requires a variance-stabilization transformation. The probability
density function(pdf) and the kth-uncorrelated moment of the p-th power –transformed gamma
random variable were derived. Also the functional expressions for the mean and variance of the
Gamma distribution under the commonly used power transformations were established. The means
and variances of the gamma distribution (G(α, β)) and those of the p-th power – transformed
distributions were calculated for α = 5, 6, · · · , 99, 100 with the corresponding values of β for which
the mean of the untransformed distribution is equal to one. For uniformity of results the impact of
the various transformations were investigated with respect to α = 9, 10, · · · , 99, 100, where the means
of all the transformed distributions are approximately equal to 1.0 to the nearest whole number.
For all the transformations, there was no relative change in the mean between the transformed and
the untransformed distributions. For the effects on variances: it was found that there are relative
increases in variances within the ranges; 0.7561 – 0.8071, 0.7752 – 0.9387 and 0.0395 – 0.3855 for
the inverse, the inverse-square and the square transformations respectively. For the square-root,
the Wilson Hilferty and the inverse-square-root transformations there were decreases in variances
relative to the variance of the untransformed distribution. The relative decreases in variances are
within the ranges: -3.0579 – (-3.0050), -8.0061 – (-8.0000) and -2.9254 – (-2.2122) for the square-
root, the Wilson Hilferty and the inverse-square-root transformations respectively. In summary,
it was established in this study that there are no effects on the mean as a result of the various
transformations. However the inverse, the inverse-square and the square transformations increased
the variance while the square-root, the Wilson Hilferty and the inverse-square-root transformations
decreased the variance. We conclude that the square-root, Wilson Hilferty and inverse-square-root
transformations that decreased the variance (RCIV < 0) will yield better results when using MEM
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whose error component assumes a gamma distribution and where data transformation is required
to stabilize the variance of the data set through data transformation.
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